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^ . Abstract 
> 

O ' The Maxwell theory on non-commutative spaces has been con- 

■ sidered. The non-linear equations of electromagnetic fields on non- 

, commutative spaces were obtained in the compact spin-tensor (quater- 

CN \ nion) form. It was shown that the plane electromagnetic wave is the 

solution of the system of non-linear wave equations of the second or- 
^ . der for the electric and magnetic induction fields. We have found 

0^ \ the canonical and symmetrical energy-momentum tensors and their 

non-zero traces. So, the trace anomaly of the energy-momentum ten- 
. sor was obtained in electrodynamics on non-commutative spaces. It 

was noted that the dual transformations of electromagnetic fields on 
non-commutative spaces are broken. 



(N 



O 

^. 

^ 1 Introduction 

(D : 

^ ' The field models on non- commutative (NC) spaces are of great interest now 

due to the recent development of the superstring theory. It was shown that 
^ ■ NC coordinates emerge naturally in the perturbative version of the D-brane 

. theory (low energy excitations of a D-brane) with the presence of the exter- 

nal background magnetic field [1] . So, non-commutative Yang-Mills (NCYM) 
theories appear in the string theory and therefore they are being widely inves- 
tigated. The NC field theories have the same degrees of freedom as effective 
commutative theories and, therefore, there exists a map (the Seiberg-Witten 
map between NC field theory and the corresponding commutative field the- 
ory) between them. The simplest theory with the gauge group U{1) is QED 
and its prototype - NC quantum electrodynamics (NCQED). The investiga- 
tion of gauge theories on NC geometry leads to the non-local interactions 
of fields due to the presence of higher derivatives in the Lagrangian. The 
distinctive features of the NC theory are the appearance of the dipole mo- 
ments of particles at one loop level and the violation of the CP-symmetry [2]. 
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So, in NCQED the "electron" possesses the magnetic dipole moment which 
contains the spin-independent term (proportional to the non-commutative 
parameter 9) and the electric dipole moment violating the CP-symmetry, 
but it should be noted that the CPT-symmetry remains unbroken [3]. At 
the charge conjugation the theory transfers to the sector with 9^—9. At 
one-loop level NCQED is a renormalizable [4,5] and asymptotic free (the 
/^-function is negative and is not 9 dependent) theory [6]. Besides, the pa- 
rameter 9 does not acquire the quantum corrections. The non-commutative 
version of a standard model was considered in [2,7]. It should be mentioned 
that NC field theories possess unitarity at the space-like non-commutative 
tensor 9^1, {9Qj — 0) [8,9]. There is infrared- ultraviolet (IR/UV) mixing in 
NC theories, and if we remove the UV divergences at cut-off— > oo, the new 
IR divergences appear. 

The assumption that coordinates do not commute was made a long time 
ago [10] (see also [11]). The NC coordinates of the corresponding spaces obey 
the following commutation relation 

[x^, Xj/] — 19^1,, (l) 

where the non-commutative parameter 9^^ possesses the dimension of 
(length)^. It is implied that we have ordinary commutative relations between 
coordinates and the momentum p^: [x^.p,^] = iM^^, [P/i,Pi/] = 0. The 
astro-physical bounds on the NC scale A^vc [7,12] are given by 

0^. = -r^e/.., Aivc > 10=^ GeV, (2) 

where 6^,^ is a dimensionless antisymmetric tensor, e^^ = —e^fj^. The parame- 
ter 9fj_y is extremely small, and, therefore, observable effects can emerge only 
at the cosmological scale (of the order of the Plank length), i.e. at high en- 
ergy. As 9fj,i, is a constant tensor, the Lorentz symmetry is broken for field 
theories on NC geometry. It was noted in [7] that at the replacement 

Xi — Xi-\- 2^^ijPj^ Pj ~ ("^) 

we arrive at the standard commutation relationships: [a;i,a;j] = 0, [a;i,Pj] = 
iMij, [pi,Pj] = 0. The non-local character of field theories on NC geometry 
follows from Eq. (3). 
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The field operators A{x) in field theories on NC geometry are the func- 



tions of x^. After the Fourier transformation we have 

M^) = J d'^pexp{ipi,Xi^)A{p), A{p) = J d'^xexp{-ipi^Xi,)A{x). 

(4) 

Then the product of two field operators A{x), B{x) can be represented as 
d^p f d^k (.. , , 1 



^ ^ r dp f d k ( 1 1 

A{x)B{x) = J j—^ J j^exp ^iPi^ + k„)x^ - -Pi,k^[x^,x^]^ A{p)B{k) 

fi \ 1 

exp {-e^^df,&A A{x)B{x') |^=^', 

where = d/dx^, = d/dx'^^. Thus we come to the Weil-Moyal correspon- 
dence [13,14]: 

A{x)B{x) < — > A{x) ★ B{x), (6) 
where the star-product (★-product) is given by 



A{x)icB{x) 



exp ( ^ ^a^a:, ) A{x)B{x') 



(7) 



Using Eq. (7) it is easy to check that quadratic terms in the actions of NC 
theories (kinetic terms) coincide with that of their commutative versions, i.e., 
propagators are identical. The star-product also satisfies the associative low: 

{Fi.G)i<H = Fi.{Gi<H). 

We use the system of units h = c = 1, c^/Att = 1/137, e > 0. 

2 Field equations 

The free Maxwell action on NC space [5] is given by 

S^-lJ d'xF,, ^F,,^-^J d'xFl,, (8) 

were non-commutative strength F^i, reads 

F 1^2/ — dfxAn — di/A^ — ie [^^, ^ (9) 
and the Moyal bracket is 
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The Seiberg-Witten expansion to the first order in 9^^, [5] gives 

(11) 



with e absorbed in Oap- The field strength tensor corresponding to the com- 
mutative Maxwell theory is given by 

F^. = d^A, - d,A^, (12) 

with the vector-potential of the electromagnetic field A^, the electric field 
Ei = iFii and the magnetic induction field Bi = e-ij^Fj^ (ei23 — 1). The 
Lagrangian within four-dimensional divergences (see [5]) is 



^ — ~'^F^^, + -OapFapF^^, - -OapFfj^aFypFfj^^ + 0{9'^) + A^J^, (13) 



where we added the external four-current and took into consideration that 
the term A^ -k in the Maxwell Lagrangian on NC spaces coincides within 
four- divergences with A^J^. The Lagrangian (13) can also be cast in the 
form of 

£ ^ 1 (e^ _ [1 + (^ . B)] - (^ • E) (E • B) + 0{e^) + A,J^, (14) 

where 6i = {l/2)eijk9jk, On = 0. It is seen from Eq. (14) that terms con- 
taining the non-commutative parameter 9 violate CP - symmetry. Using the 
Lagrange-Euler equations 

9£ ac 

we obtain from Eq. (13) field equations (equations of motion) 

1 1 



—Ovpdix {FapFna) + O^pdfj, {FapF^a) — ^a^^^ {FixaF^p) — J„. 

The non-linear equations (16) may be cast as follows [15]: 



(16) 



d 

— D - rotH = -J, divD = p, (17) 



where (rotH)j = eij^djllk and divD = diDi, J is the vector of a current 
and p is a charge density, Jfj,—{J,ip). The displacement (D) and magnetic 
(H) fields are given by 

D = E + d, d=(e-B)E-(^-E)B-(E-B)^, (18) 

H = B + h, h = (^ • B)B + (^ • E)E - ^ (e^ - B^) 9. (19) 

Here the scalar products of vectors are introduced, (^ • E) — 9iEi, and so on. 
The other equation following from Eq. (12) is 

d^^F^. = 0, (20) 

where F^^, = (l/2)£^,^a/3-^a/3 is the dual tensor, E/^^ap is an antisymmetric 
tensor Levy-Civita; £1234 = —i- Eq. (20) is rewritten as 

d 

— B + rotE = 0, divB = 0. (21) 

dt 

Let us obtain the second order equations for electric and magnetic fields. 
Such wave equations are convenient for studying the propagation of elec- 
tromagnetic fields. Applying the operator rot to the first equation of (17) 
with the help of the equality rot rotH = grad divH — AH [(grad)^ = d/dxi, 
A = 9^/(9xj)^], replacing in this equation rotE from Eq. (21) and taking 
into account Eqs. (18), (19), we find 

AB - TTT^B + Ah - grad divh + — rotd = -rotJ. (22) 
[aty at 

We repeat this procedure, starting with the first equation of (21) and taking 
into consideration Eqs. (17)-(19), one obtains 

- (|jE - + grad divd + |roth = |j + padp. (23) 

It is easy to verify that electric and magnetic induction fields in the form of 
plane electromagnetic waves, such as 

E = Eo exp(iA;^x^) , B = (n x Eq) exp(iA;^ x^) , (24) 
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where n = k/fco, = (k, ifco) [(n x Eo)j = e^jkUjEok is the vector product], 
are the solutions of the hnear wave equations of classical electrodynamics as 
well non-linear Eqs. (22), (23) at J = 0, p = 0. It was shown in [15] that in 
the theory under consideration the velocity of propagation when transverse to 
a background magnetic induction field differs from c. This is a consequence of 
the non-linearity of field equations. But this effect of the photon propagation 
is very small due to the smallness of the non-commutative parameter 9. 

It is easy to see that free NC Maxwell's equations (16), (20) at = are 
not invariant under the dual transformations of electromagnetic fields [16] 



The terms containing the parameter in Eq. (16) violate the dual symme- 
try (25), and the condition 6^1^ = (at = 0) recovers the dual symmetry 
of standard Maxwell's equations. It should be noted that dual transforma- 
tions (25) describe the symmetry of the polarization space. For example, in 
the case of the plane electromagnetic wave, Eqs. (24), these transformations 
rotate the polarization axes around the wave vector. 



3 Energy and momentum of electromagnetic 
field on NC spaces 

Multiplying Eq. (17) by E, Eq. (21) by H, and adding them, we find 




F^i^ cos a — Fut, sin a. 



(25) 




Fuj, cos a + sin a. 




(J-E)-div(ExH), 



(26) 



Using Eq. (18), (19) one can represent 




'dt 



(27) 



where the energy density of the electromagnetic field is given by 



E2 + B2 
2 



[1 + (^^ ■ B)] - (E ■ B) (^ ■ E) . 



(28) 
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With the help of Eqs. (26)-(28) , the conservation law of the energy- momentum 
reads [17] 

BE 

— = -(J • E) - divP, P = E X H, (29) 
ot 

where P is the vector of the momentum density of the electromagnetic field, 
so that the four- vector of the energy-momentum is — {P,i£). It follows 
from Eq. (29) that at J = the continuity equation — holds. The 

energy density (28) and the momentum density of the electromagnetic field 
with the accuracy of 0(6*^) and using Eqs. (18), (19) may be represented as 



P = [1 + (^ • B)] (E X B) + i (b^ - E^) (E x 6). 



(30) 



Now we use the general expression for the canonical conservative energy- 
momentum tensor [17]: 



dC 

5("^a) 



7;T = {d.A^) ^7^^ - (31) 



so that 5^T^"" = 0. To get the gauge- invariant energy- momentum tensor, 
we can explore the transformation [17]: 

Tfxv = -\- A^[/, (32) 

where the function A^j, obeys the equation (9^A^j, = due to equations of 
motion. Indeed, it follows from Eq. (32) that the tensor T^j^y is conserva- 
tive, i.e., df^T^y = d^T^y"' ~ 0. It should be noted that in classical linear 
electrodynamics this transformation (32) is used to obtain the symmetric 
energy-momentum tensor. We may choose the following function 

dC 

It is easy to verify that the function A^^,, (33), meets the requirement (5^A^j,^ = 
due to the Lagrange-Euler equation (15) (at J^u = the equaUty dC/dAy = 
holds) and the fact that dC/d {d^Aa) is anti-symmetric in indexes ji and 
a. With the help of Eqs. (13), (31)-(33) we obtain the gauge-invariant 
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conservative energy-momentum tensor of electromagnetic fields (at = 0) 
on NC spaces 



1^ ^ \ 1, 

(34) 



The tensor (34) is still non- symmetric, however in the limit ^ — > 0, for classi- 
cal electrodynamics, the energy-momentum tensor (34) becomes symmetric. 
Prom Eq. (34) we obtain the components of the energy-momentum tensor 

X44 = S, Tjji4 = iPm-i 

Tim — —i^mnk {EnBk [1 + {9 ■ B)] + (E • B)S„^fc} , 

Tmn = EmEn + B^Bn — -Smn + B^^ + {9 ■ B) {2EmEn + BmBn) (35) 

+1 + B^) - 25mn (9 ■ B)] - (^ • E) EnBm 

- (E ■ B) + - 6mn {9 ■ E)] - (Ex 9)^ (B x E)„ . 

Eqs. (35) clearly show that the trace of the energy-momentum tensor does 
not equal zero, and is given by 

T^^ ^{9-B) (e^ - B^) - 2 (^ • E) (E • B) . (36) 

Non-zero value of the energy-momentum tensor trace (36) indicates the 
anomaly in the case of the NC electrodynamics at the classical level. This 
reflects the fact that the classical conformal invariance is broken. The viola- 
tion of conformal invariance, or the trace anomaly, relates to the violation of 
the Lorentz invariance in NC space. 

In order to find the symmetric tensor of the energy-momentum, we will 
explore the general procedure of the curve coordinate system usage [17]. In 
the curve space-time the Lagrangian (13) with the accuracy of 0{9'^), and at 

= 0, reads 

1 /I 

7(T 5p 



C = --J^^F^pg^^-g-^ {l + ]^9^sFapg^''g 



1 (37) 

--9o.pF,,F,iFp,g^^g^'g>^'^g^\ 



We notice also that Eq. (37) looks like the covariant expression, but the 
covariance is broken because the variable O^j^^ is not transformed as the sec- 
ond rank tensor at the Lorentz transformations. Therefore the action corre- 
sponding to the Lagrangian (37) is not a scalar at the transformations of the 
metric g'^^^ = g^^y + 5gfj,y. Consequently, the conservation of the symmetrical 
energy-momentum tensor obtained by variation of the Lagrangian (37) on 
the metric tensor is questionable. Using the general formula for the symmet- 
ric energy-momentum tensor (in the case when C does not depend on dag^^) 
[17] 

rpsym ^ 2 

and varying the Lagrangian (37) on the metric tensor g^^ ^ with the help 
of equation = — 1 for the Minkowski space, we arrive at the symmetric 
energy-momentum tensor: 

rj^sym ^ j.^^ _^ -^O^^aF^aFlp - OuidF^^FppF^p, (38) 

where the conservative tensor T^^, is given by Eq. (34). It is easy to check 
with the help of Eqs. (28), (29), (38) that the equations T44™ = S, T^4™ = 
—iPm are valid. From Eq. (38) we also find the spacial components of the 
symmetric energy-momentum tensor (the stress tensor) 

+ BmBn) 

+ ^ (E^ + B^) [BjnOn -\- OmBn - ^Smn ' B)] 



2 

— (E ■ B) [OjnEn + OnEm — Smn iP • E)] — (^^ ■ E) {E^Bn + E^B^) 

- CE X e)^. (B X E)^ - fE X d)^ {B X E)^ . 



(39) 



From Eqs. (38), (39) we find the trace of the symmetric energy-momentum 
tensor: 

TT" = 2 (^ ■ B) (e^ - B^) - 4 (^ ■ E) (E ■ B) . (40) 



"MM 

The trace of the symmetric energy-momentum tensor (40) is two times greater 
than the trace of the conservative energy-momentum tensor (36), i.e. T^^J^ — 
2Tnn. It should be noted that the trace anomaly contributes to the cosmolog- 
ical constant. As a result the trace anomaly might be the source of significant 
period of inflation in the early universe. 
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When two Lorentz invariants - Ji = — and I2 = (E- B) equal zero, 
i.e., Ii = I2 = 0, in the case of the electromagnetic waves, Eq. (24), the 
trace anomaly vanishes, T^^ = T^^™ = 0. For classical electrodynamics at 
^ = we arrive at the known result that the trace anomaly is absent for any 
electromagnetic fields, T^fiT^^ — 0. 



4 Spin-tensor form of equations 

Sometimes algebraic methods allow us to obtain results in the simplest way. 
Multiplying Eqs. (21) by i, and adding Eqs. (17), we can write 

dkfk = P, (41) 

^^kmndmkn Jki (^2) 

where fk ^ Dk + iBk, K = En + iH^. Muhiplying Eq. (42) by r^, and 
taking into account the properties of Pauli's matrices, Tk (see Appendix), one 
arrives at 

- TpTkdpkk - id^nfi = Tfe Jfe - dmkm, (43) 

In accordance with Cartan's ideas [18], for every vector we can construct 
a 2 X 2— matrix X (or X) as follows 

_ _ _ (44) 

where T4 = ztq. With the help of Eqs. (17)-(21), Eq. (43) can be cast in the 
form of 

VF + ^ (VG + G+^) = - J, (45) 

where V = T^9^, G = gmTm, gm^dm + ihm, J = JuT^i, J4 ^ip, F ^ fmTm, 

/4 = 0; the matrix-differential operator ^ acts on the left standing function, 
is Hcrmitian conjugated matrix. We notice that the complex vector 
g = d + ih can be represented in the compact form: 

g = ,(^.v*)v-^^(v*)% 
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where v = E + iB, v* = E — iB. The spin-tensor F — f^^Tf^ may be defined 
through the potential as follows 

F = -VA, (46) 

where A = Afj_T^, V = r^d^. From Eq. (46) we arrive at Eq. (12). 

The spin-tensor form of NC Maxwell's equations (45) is equivalent to 
the quaternion form as the quaternion algebra can be realized through the 
Pauh matrices (see Appendix). At Ofj,^, — we arrive from Eq. (45) to the 
quaternion form of the standard Maxwell's equations [16,19]. 

Under the Lorentz transformations, the matrix X is transformed as 

X' = L+XL, L e SL{2, c), (47) 

where is Hermitian conjugated matrix. The matrices V, V, F, A and J 
are transformed as follows 

V' = L+VL, F' = L-^FL, J' = L+ JL, 

_ _ -1 (48) 

V' = L-^V (l+) , A' = L+AL. 

The terms in Eq. (45), including the parameter 9 violate the Lorentz sym- 
metry. The Lorentz-invariants of the transformations (47), (48) are the de- 
terminants of matrices. The spin-tensor formulation of the NC Maxwell's 
equations in the form of Eq. (45) is convenient for considering the symmet- 
ric properties of fields. 

Let us consider some spin-tensor expressions in classical electrodynam- 
ics when = 0. The energy- momentum tensor in the case ^ = can be 
represented as follows 

rpT^T"^ = If^t.F, (49) 

where F = {E^ -\- iBjn)Tm- Using the field equation (45), it is easy to prove 
that d^T^^^'^ = at J = 0. Prom Eq. (49) we verify that 

-t44 ~ 2 ^ ' — ^^kmn^m^n, 

(50) 
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SO, the expression T^^"°^ corresponds to Eq. (34) at ^ = 0. We may define 
the density of the Lorentz force as 

Ka^dpTy\ (51) 

Then with the help of the matrix equation (45) at ^ = we arrive at the 
relation 

T^K^ = ~[j+F + F+j). (52) 

Using Eq. (52) one can verify that the four-force coincides with the 
known definitions: 

K = pE + J X B, 

(53) 

7^4 = ^(J-E). 

The expressions (49), (52) are form-covariant under the Lorentz transforma- 
tions due to Eq. (47). 

5 Conclusion 

We have just considered the Maxwell theory on NC spaces which is described 
by the non-linear equations of the electromagnetic fields. This means that 
the vacuum of electrodynamics on NC spaces is similar to a medium with 
complicated (non-linear) properties. The system of non-linear wave equations 
found, (22), (23), possesses the solutions in the form of plane electromagnetic 
waves. It was noted that the dual transformations of electromagnetic fields 
under consideration are broken. 

We have found the density of the energy and momentum of the elec- 
tromagnetic fields on NC spaces, and the canonical and symmetric energy- 
momentum tensors. The canonical energy-momentum tensor (34) is conser- 
vative, but the symmetric energy- momentum tensor (38), found by varying 
the action on the metric tensor, is non-conservative because the action of 
electromagnetic fields in the case of NC spaces is not a Lorentz-scalar. It 
was shown that the traces of the canonical and symmetric energy-momentum 
tensors do not equal zero, i.e., there is a trace anomaly. The trace anomaly is 
related with the violation of the conformal invariance, and is a consequence of 
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the breaking of the Lorentz invariance in NC spaces. This anomaly is absent 
in the case of the plane electromagnetic waves. The field equations are also 
obtained in the compact spin-tensor (quaternion) form. The Lorentz trans- 
formations of fields in the matrix form have been considered. The spin-tensor 
formulation of the NC Maxwell's equations is useful for different apphcations, 
especially for studying the symmetric properties of fields. 

There are various phenomenological effects of the non-commutativity of 
coordinates (1) (see [2,3,12,20]). If space-time is indeed non-commutative 
on short distances, it may effect cosmology and early universe physics. It is 
important because cosmology can verify the theories which are beyond the 
standard model of particle physics. Probably, the consideration of the field 
theories on NC spaces may solve the problem of dark energy from trans- 
Plankian physics. 

APPENDIX: quaternion algebra 

Pauh's 2 X 2-matrices (A; = 1, 2, 3) obey the following relations 

TixTv + T^f^ = -25^^, (54) 
7"^ = (7"jt,T4) , T^=(-Tfe,r4), 

where — itq, tq = h is the unit 2 x 2-matrix. The quaternion algebra can 
be realized with the help of the Pauli matrices; setting 64 = tq, Ck = iTk and 
using the properties (54) we obtain the quaternion algebra which is defined 
by four basis elements = (6^,64) [19]) with the multiplication properties: 

64 = 1, = 62 = 63 = -1, 6162 = 63, 

6261 = -63, 6263 = ei, 6362 = -ei, (55) 

6361 = 62, 6163 = -62, 646^ = 6^64 = em, 

where m = 1, 2, 3, and 64 = 1 is the unit element. 
The complex quaternion (or biquaternion) q is 

q = Qt^e^, = Qmem + 5464, (56) 

where the are complex numbers. Using the laws of multiplication (55), we 
find that the product of two arbitrary quaternions, g, g', is defined by: 

qq' = {q^q'^ - qmq'm) 64 + (g^m + q4q'm + emnkQnq'k) Cm- (57) 
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It is convenient to represent the arbitrary quaternion as g = 54 + q (so 
^464 g4, qm^m q), where and q are the scalar and vector parts of 
the quaternion, respectively. With the help of this notation, Eq. (57) can be 
rewritten as 

qq' = q^q'i - (q ■ q') + gW + qA^, + q x q'. (58) 

Thus the scalar (q • q') = qmq'mi ^^^d vector q x q' products are parts of the 
quaternion multiplication. It is easy to verify the combined law for three 
quaternions: (^1^2) gs = qi {q2qz)- 

The operation of quaternion conjugation (hyperconjugation) denotes the 
transition to 

q = ^464 - qmem = ^4 - q, (59) 

so that the equalities gi + ^2 = gi + WQ2 = g2^i are valid for two arbitrary 
quaternions gi and g2. The modulus of the quaternion | g | is defined by 
I <? 1= ~ \/^' This formula allows us to divide one quaternions by 
another, and thus the quaternion algebra includes this division. 

Quaternions are a generalization of the complex numbers and we can 
consider quaternions as a doubling of the complex numbers. They are con- 
venient for investigating the symmetry of fields and relativistic kinematics. 
In particular, the finite transformations of the Lorentz eigengroup are given 
by [19]: 

x' = LxL*, (60) 

where x = 0:4 + x is the quaternion of the coordinates (X4 = it, t is the time, 
the spatial coordinates), L is the quaternion of the Lorentz group with 
the constraint LL = 1, L = L^ — h* and * means the complex conjugation. 
The biquaternion L with the constraint LL = 1 is defined by six independent 
parameters which characterize the Lorentz transformations. The squared 
four- vector of coordinates, x^, is invariant under the transformations (60): 
x'^ = x'x' = LxL* L*xL = XX = xj,, as L*L* = L*L* = 1. This shows that 
the 6— parameter transformations (60) belong to the Lorentz group S'0(3, 1). 
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